In this study, the Schrödinger equation for flat potentials through the pseudospectral method is investigated. The Schrödinger equation for this type of potentials by the pseudospectral method is transformed to an eigensystem. Then the eigensystem using the Jacobi method is diagonalized. Energy eigenvalues for various N are compared with similar researches. Asymptotic treatment of this type of potentials for N=2 and N→∞ which correspond to harmonic oscillator and particle in the infinite square well is discussed. For every N an equation for quantized energies versus quantum number n is suggested. Using fitting the calculated data for the energy eigenvalues accuracy criterion of the suggested energy equation is checked.
Introduction
Finding the wave functions and energy eigenvalues for every potential is one of the most important problems in quantum mechanics. Some potentials such as the harmonic oscillator and the infinite square well and Coulomb are very important because of its applications [1] [2] [3] . The Schrödinger equation has the analytical solution for a few potentials, but the Schrödinger equation for almost potentials does not have the analytical solution. Therefore in these cases perturbation, approximation, and numerical methods are used. In the past decades, much effort has been made to solve this equation [4] [5] [6] . Rresearches on numerical solution of equations are performing [7, 8] . Radial potentials are among the well-known potentials that are widely used in various physics trends including nuclear, molecular atomic, solid state, and etc. these group of potentials is applied to discover many phenomena [9] . Often these potentials do not have an analytical solution.
The pseudospectral method is a numerical method which is used for solving the Schrödinger equation and has high accuracy. This method is based on the using of orthonormal functions to establish an eigensystem as an estimate of the Schrödinger equation. The accuracy of each orthonormal function sets is depended on the defined domain of the spatial coordinate. For radial potentials in spherical coordinates such as Coulomb potential in hydrogen atom which coordinate r belongs to (0, ∞), the Laguerre polynomials are suitable. In harmonic oscillator problem, spatial coordinate belongs to (-∞, ∞), in such cases, Hermit polynomials are suitable orthonormal set, and so on. In this study, the sine functions are used as the orthonormal set. One can find the detailed explanation in [10] .
The potential case study is the batch of potentials with the general form equation (1) [11, 12] .
where µ and a are constant parameters and N is an integer number larger than one. This batch of potentials has applications in several cases [1] [2] [3] 13] . Some of the general application of this type of potentials are structural phase transitions [14] and polaron formation in solids [15] .
For N=2 which is harmonic oscillator the energy eigenvalues are obtained analytically and are as follow [16] = ℏ + , = 0, 1, 2, …
For N=4 the potential is named quartic anharmonic potential [12, [17] [18] [19] . For N=6 the potential is called sextic potential. This potential is applied in fiber optic [20] and molecular physics [21] . The case N=8 is octic potential that recently has been become an interesting subject in Lower-dimensional field theory [22] .
Potential equation (1) has two extremes, N=2 which correspond to the harmonic oscillator, and N→∞ which corresponds to infinite square well with 2a width [2, 3] . The Schrödinger equation can be solved analytically at two these extremes. But, between these two extremes for N=3, 4… there is no analytical solution of the Schrödinger equation. The linear combinations of the various power of x in the potential of equation (1) also it has become important in several issues.
Increasing N in equation (1) shows the energy eigenvalues converge to the ground state energy eigenvalue of the infinite square well. In the present study, some of lower power of x in equation (1) (N=2, 3… 11) is numerically investigated. The Schrödinger equation has been solved numerically through the pseudospectral method. The calculated data related to the energy eigenvalues result of the numerical solution of the Schrödinger equation has been fitted to find an equation for quantized energies.
Testing the numerical results
The accuracy of the numerical solution is performed by comparing the numerical results with the analytical results of the case of the harmonic oscillator. For N=2 with ћ=m=1 Schrödinger equation and the analytical energy eigenvalues equation are respectively as follow
where µ=a=1. Some of the lowest exact energy eigenvalues of the harmonic oscillator potential are presented in table 1. In table 2 the numerical results for N=2, 3…11 and the lowest eight energy eigenvalues are given. The numerical calculation has been performed by assumption µ=a=ћ=m=1. As it seen that the exact energy eigenvalues in table 1 are exactly the same as numerical results in the second column of table 2. Numerical results have been obtained with 1000 mesh points. Energy eigenvalues in table 1 and 2 are given with twelve decimal digits.
For some N>2 the ground state energy is reported by authors. In reference [23] energy of the ground state with high accuracy has been numerically calculated and reported for N=4
The results of our calculation as it given in table 2 are exactly the same as reference [23] until twelve decimal digit.
It should be noted that the accuracy of the calculated energy eigenvalues with getting away from ground state decreases. The treatment of energy eigenvalues results of variation of two parameters a and µ is investigated. The curves in figure 1 are the 3-D plot of ground state energy versus parameters a and µ. (1).
In figure 2 the potential equation (1) for some N has been shown. With increasing N in figure 2 , the curve of the potential of equation (1) as is expected tend to infinite square well. The shape of the wave function with increasing N reaches to the wave function of the infinite square well. In figure  3 the ground state normalized wave function for some N is shown. From little N to the large one it is seen that spatial expansion of the wave function step by step gets less and the peak of the wave function gets sharper.
If the energy levels are plotted for each N, depending on the value of N at the potential of equation (1), the distance between the consecutive levels will be different. For N=2 which corresponds to the harmonic oscillator, the difference of consecutive energy levels is constant.
The increase in successive energy levels is dependent on N. In figure 4 the graph of first energy levels for N=2, 3… 11 has drawn up. For each N, the number of eight primary energy levels is calculated and given. Increasing the distance between the energy levels by increasing N is clearly seen in figure 4 . The horizontal axis is the parameter N and the vertical axis is energy in figure 4 . Quantized energies eigenvalues versus quantum number n as the curve is shown in figure 5 for N=2, 3…11. The linear dependence of energy versus quantum number n for N=2 at the lowest of the curve is seen. As N increases, the energy versus the quantum number n is exited from the linear dependence. At the other extreme, when N tends to infinity (the infinite square well potential), we know that the energy in terms of the quantum number n is a second order. According to figure 5, it seems that in interstitial values of N in equation (1) between N=2 and N→∞ depending on energy eigenvalues in terms of quantum number n must vary from 1 for the harmonic oscillator (N=2) to 2 for the infinite square well (N→∞). Therefore, it is suggested that the energy eigenvalues in terms of the quantum number n have a form as follow = -. / + 01 (5) Figure 5 . Curves of energy versus the quantum number n for N=2, 3…11.
In the case of the harmonic oscillator (N=2) for a=µ=ћ=m=1, the parameters α, β, and γ are as follow -= √2, 2 = 1, 0 =
On another extreme for N→∞ and for a=µ=ћ=m=1 we have -= 3 " 4 , 2 = 2, 0 = 0 (7)
The energy eigenvalues which are calculated numerically through pseudospectral mothed have been fitted base on suggested equation (5) . The results of fitting energy eigenvalues versus the quantum number n for each N are given in table 3. In table 3 the statistical criteria for the accuracy of fitting are given for some first N's. According to the performed fitting, the predicted treatment of energy eigenvalues versus the quantum number n which suggested in equation (5) can be seen. In other words, the power of the quantum number n (β in equation (5)) of the harmonic oscillator (N=2) from the value 1 gradually increases and asymptotically tends to 2 for the infinite square well. In figure 6 , the power of the quantum number n in the eigenvalue energy equation which is given in table 3 for N=2, 3...11 versus N in equation (1) are shown. The best fitting for the power of the quantum number n versus N also is given in figure 6 . Fitting accuracy criteria are also given in figure 6 . Regarding the endpoints of N namely N=2 and N→∞, the relation between the parameter β and N in equation (1) seems to be β = 5.9 = (8)
Summary and conclusion
In this study, Schrödinger's equation for flat potentials in the form of equation (1) was numerically solved through the pseudospectral method. Comparing the obtained results of this method with the analytical solution for N=2 and also similar numerically researches for N>2 confirm the high accuracy of this method. The calculated data from the pseudospectral method presented in table 2 shows a good agreement for N=2, which correspond to a simple harmonic oscillator. On the other hand, in certain cases, some of the energies of this potential, especially for the ground state, has been reported in some papers for N≠2 and the results of the present study have been compared with similar works which are in good agreements.
The proposed equation (5) which is presented for the first time, gives the relation between energy eigenvalues and the quantum number n. This suggestion is based on the form of the analytical equation of the energy eigenvalue for the two endpoints of the parameter N in equation (1), namely N=2 and N→∞. For N=2 energy eigenvalue is obtained analytically and the relation is linear. On the other hand, as N→∞ we are faced with the infinite square well. The relation between energy eigenvalue and the quantum number n is in the form of second-order E=cn 2 . Fitting on the data presented in Table 3 , according to statistical criteria due to fitting confirms the suggested equation (5) .
